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ABSTRACT The stable connection of energy sources to the grid via LCL-filtered inverters is often
constrained by delays introduced by digital implementation and DPWM modulation. This paper proposes
a novel notch-filter-based compensation strategy that explicitly mitigates such delays, extending the
stability region of the current control system by increasing the critical frequency. In addition, a systematic
methodology is introduced for tuning the active damping gain, demonstrating its direct influence on phase
margin and robustness – an aspect not systematically addressed in previous studies. Unlike approaches
based on auto-tuning or real-time resonance estimation, the proposed method imposes no additional
computational burden while significantly expanding the stability limits. Analytical studies, frequency-
domain analysis, and experimental validation using a hardware-in-the-loop (HIL) platform confirm that
the proposed strategy extends the stable operating region, improves dynamic performance, and reduces
harmonic distortion, representing a distinctive contribution to the control of LCL-filtered grid-connected
inverters.
KEYWORDS Grid-connected inverter, LCL filter, Nyquist stability criterion, Active damping, Hardware-
in-the-loop.

I. INTRODUCTION
LCL filters are widely adopted in grid-connected converters
due to their superior harmonic attenuation and smaller size
compared to purely inductive filters [1], [2]. However, the
resonance peak inherent to the LCL filter poses critical
stability challenges, largely resulting from delays associated
with the digital implementation of the control systems and
the inverter’s DPWM [3], [4].

It is known that the so-called critical frequency, fc,
delimits regions of stability and instability for the location
of the filter’s resonance peak [5]. This critical frequency, in
turn, is associated with the time delay originating from the
digital implementation mentioned earlier. When the control
variable is the grid-injected current, which is the focus of
this work, the stability region is bounded above the critical
frequency. In practice, since resonance peaks of typical LCL
filters occur in the lower frequency range, this constraint can
severely limit both the design and robustness of the control
system, particularly in weak grids. A common solution to
this problem is the addition of an active damping loop
based on capacitor-current feedback [6]. This active damping
shifts the stability region below fc, enabling its expansion
through time-delay reduction techniques, thereby enhancing
the system’s dynamic performance and increasing the control
bandwidth [7], [8]. With this technique, the system becomes

stable for resonance frequencies between 0 and fc, and unsta-
ble between fc and fs/2, where fs is the sampling frequency
and fc = f s/6 is the critical frequency [3]. Nevertheless,
merely adding an active damping loop does not guarantee
stability: as verified in this work, the stability condition in
the low-frequency region depends on the gain defined for this
loop [9], [10]. Improper tuning of the damping gain, Kad ,
may even reduce phase margins and compromise robustness.
Despite its importance, the effect of Kad on the system’s
stability margins has not been systematically addressed in
the literature, where it is usually treated only as a stabilizing
parameter.

Several alternative approaches have been investigated, in-
cluding auto-tuning and resonance-frequency tracking tech-
niques [11], which dynamically adjust notch filters to match
the LCL filter’s resonance. Although innovative, these ap-
proaches impose high computational costs and additional
delays, limiting their applicability in real-time control. To
overcome these limitations, this paper proposes a novel
notch-filter-based compensator specifically designed to mit-
igate time delays. Unlike the aforementioned approaches,
the proposed compensator provides a phase-lead effect that
counteracts delay resulting from digital implementation of
the control systems and the inverter’s DPWM, shifting the
critical frequency from fs/6 to approximately fs/3. This
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extends the stable operating region and enhances the robust-
ness of the control system to variations in grid and filter
parameters. Furthermore, a new methodology for analyzing
and tuning the active damping gain (Kad ) is presented. By
explicitly relating Kad to the system’s phase margin, this
work provides clear guidelines for its optimal selection,
filling a notable gap in the literature.

The contributions of this paper can be summarized as
follows:

1) A compensator that explicitly counteracts delays aris-
ing from the digital implementation of the control
system and inverter modulation, without adding com-
putational burden, significantly expanding the stable
operating region of LCL-filtered inverters.

2) A systematic methodology for tuning the active damp-
ing gain (Kad ), with an explicit analysis of its influ-
ence on phase margin and robustness.

3) Experimental validation using a hardware-in-the-loop
(HIL) platform, confirming that the proposed approach
improves stability margins, reduces harmonic distor-
tion, and enhances robustness, ensuring stable opera-
tion under varying resonance conditions.

The remainder of this paper is organized as follows.
Section II establishes the system model and time delay
representation. Section III analyzes the system’s stability
regions and introduces a systematic methodology for tuning
the active damping gain (Kad ). Section IV presents the
core contribution: the proposed notch-filter compensator for
stability margin expansion. Section V presents experimental
validation using a hardware-in-the-loop (HIL) platform. Fi-
nally, Section VI concludes the paper by summarizing the
key findings and contributions.

II. SYSTEM MODELING
Fig. 1 shows the typical general structure of a Voltage Source
Inverter (VSI) connected to the grid through an LCL filter,
which consists of an inverter-side inductor, L1, a grid-side
inductor, L2, and a filter capacitor, C. The purpose of this
LCL filter is to attenuate harmonic distortions, especially
those arising from switching. From a control perspective,
the primary objective for this inverter topology is to act on
the filter output current, i2, and thereby control the active
power injected into the grid. In this regard, the system must
be robust enough to remain stable over the widest possible
range of variations in the filter’s resonance frequency.

Considering that the inverter’s control system will be
implemented in a Digital Signal Processor (DSP), it is
necessary to model the system in the discrete-time domain.
In this context, the discrete transfer functions that model
the inverter are represented in the block diagrams of Fig. 2.
For the analysis of the control system shown in this figure,
three discrete-time transfer functions associated with the
LCL filter must be obtained, namely: Gi2 (z), G ic (z), and
Go(z). As a preliminary step to discretization, the Laplace

domain expressions representing the equivalent continuous
models of these functions are used. The functions Gi2 (s) and
Gic (s), which describe the LCL filter dynamics, are given
by:

Gi2 (s) =
i 2(s)
Vo(s)

=
1

sL1

ω 2
o

s2 + ω 2
r

(1)

and

Gic (s) =
i c(s)
Vo(s)

=
1

sL1

s2

s2 + ω 2
r

, (2)

where

ω r =
r

L 1 + L 2

L 1L 2C
(3)

and

ω 0 =
r

1
L 2C

. (4)

The third transfer function, Go(s), is obtained in the
Laplace domain through the ratio between Gi2 (s) and
Gic (s), resulting in:

Go(s) =
Gi2 (s)
Gic (s)

=
ω 2

0
s2 . (5)

The transfer functions Gi2 (s) and Gic (s) given above can
be discretized using ordinary Z-transforms. However, it is
necessary to consider the typical time delay of the DPWM,
which impacts these transfer functions. This is because the
DPWM is part of the control loop as an output stage,
responsible for controlling the states of the inverter switches,
as can be seen in Fig. 1. One way to model this time delay
caused by the DPWM is through a Zero Order Hold (ZOH),
as detailed below [12].

Initially, the DPWM module receives at its input the
discrete signal from the control algorithm. In response, it
generates a continuous-time signal through pulse width mod-
ulation. Although the waveform generated by the DPWM
differs from that produced by a Zero Order Hold (ZOH), the
average effect of this modulation on the plant is equivalent to
that of a ZOH. This equivalence is valid because the DPWM
applies a constant control value to the plant throughout each
modulation period with an average equal to the digital output
provided by the controller — a behavior analogous to that of
a ZOH, which holds the sample value until the next update.
Furthermore, as demonstrated in [3], the ZOH naturally
imposes an average effective delay of half a sampling period
(Ts/2) on the system which resembles the delay observed
between the instant of control calculation and its effective
application to the plant via DPWM. Therefore, the ZOH is
widely used to model the behavior of the DPWM in digital
control systems [12]. For illustration purposes, an example
of this typical ZOH delay can be seen in Fig. 3, where
it is possible to note that the reconstructed output signal,
represented by the fundamental component of the sampled
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FIGURE 1. Control structure of a three-phase Voltage Source Inverter (VSI) connected to the grid through an LCL filter. The system includes active
damping via proportional capacitor-current feedback.

signal (in blue in the figure), exhibits an average delay of
half a sampling period with respect to the input signal.

(a) Without active damping loop

(b) With active damping

FIGURE 2. Equivalent block diagrams for inverter current control.

Revisiting the discretization of the previously mentioned
transfer functions Gi2 (s) and Gic (s), the ZOH model is now
incorporated. This model is widely used in the literature
to introduce the effects of the time delay inherent to the
DPWM, as previously discussed. For this purpose, the ZOH
transfer function used is given by

H(s) =
1 � e −sT s

s
, (6)

FIGURE 3. Time delay introduced by a ZOH module with T s = 1 ms. The
input is a 60 Hz analog signal, and the output is a sampled signal
exhibiting an average delay of T s /2 ms with respect to the input.

where Ts represents the sampling period, adopted as
Ts=1/f s. The objective of including this transfer function in
the discretization process of Gi2 (s) and Gic (s) is to obtain
discrete versions of these transfer functions that inherently
incorporate the effects of the average delay introduced by
the DPWM, which is equivalent to Ts/2.

The transfer function (6) accounts for the equivalent
delay of Ts/2 and the frequency-dependent attenuation intro-
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duced by sinc(ωTs/2π). Although this attenuation increases
with frequency, it remains close to 0 dB throughout the
control bandwidth—typically below 10% of the Nyquist
frequency—and can therefore be neglected. Consequently,
the ZOH is approximated as a pure delay of Ts/2, a
standard assumption in digital control analysis. Therefore,
the resulting discrete model will more accurately reflect the
actual dynamics of the implemented digital system. Given
this, the discretization of Gi2 (s) and Gic (s) can then be
performed by applying ordinary Z-transforms, resulting in

Gi2 (z) = Z
n

H(s)G i2 (s)
o

= Z

(
1 � e −sT s

s
Gi2 (s)

)

, (7)

and

Gic (z) = Z
n

H(s)G ic (s)
o

= Z

(
1 � e −sT s

s
Gic (s)

)

. (8)

By definition, Z
n

1 �e −sT s

o
= 1 �z −1 , such that Gi2 (z)

and Gic (z) can be rewritten as

Gi2 (z) = (1 � z −1 )Z

(
Gi2 (s)

s

)

, (9)

Gic (z) = (1 � z −1 )Z

(
Gic (s)

s

)

. (10)

Finally, the discretization yields the following transfer
functions, where L = L1 + L 2.

Gi2 (z) =
Ts

L(z � 1)
�

sin(ω r Ts)
ω r L

z � 1
z2 � 2zcos(ω r Ts) + 1

(11)

Gic (z) =
sin(ω r Ts)

ω r L 1

z � 1
z2 � 2zcos(ω r Ts) + 1

. (12)

When discretizing the transfer function Go(s), in turn,
it is necessary to ensure that no additional time delay is
introduced into the system. This is because the aforemen-
tioned transfer function derives from Gi2 (s) and Gic (s),
whose respective discretizations performed previously al-
ready incorporate the appropriate time delay. In this regard,
to ensure that no additional delay is inserted into the system,
the impulse invariance criterion is applied to perform the
transformation from the s-domain to the z-domain [13]. The
purpose of this criterion is to ensure the equivalence of
continuous and discrete systems, so that both have the same
output, y(t), if fed with the same input, x(t). Based on these
considerations, the discretization of Go(s) results in

Go(z) =
ω 2

0T 2z
(z � 1) 2 . (13)

While the delay arising from DPWM modulation (equiv-
alent to 0.5Ts) is already incorporated into the modeling of

Gi2 (s) and Gic (s) via ZOH, as previously discussed, it is
also essential to consider the computational delays inherent
in the digital implementation of control algorithms. This
arises because the controller’s response at any given instant
is computed using input signals sampled at a preceding
instant. As a result, the control output consistently exhibits an
average delay equivalent to one sampling period (Ts) relative
to the input. This inherent delay can be effectively modeled
as a pure time delay, expressed exponentially as

Gtd (s) = e −T s s. (14)

Thus, the total delay affecting the control loop is 1.5Ts.
This delay is the sum of 0.5Ts from DPWM modulation
(already modeled via ZOH) and 1Ts from the computational
delay modeled by

Gtd (z) = z −1 . (15)

The transfer functions Gi2 (z), G ic (z), and Gtd (z) are
depicted in the block diagram of Fig. 2. This figure presents
two configurations: Fig. II illustrates the system without
active damping, while Fig. II includes active damping im-
plemented through feedback of the capacitor current from
the LCL filter. The current controller, denoted by the block
Gc(z), is of the Proportional-Resonant (PR) type, tuned to
the grid fundamental frequency. This controller is widely
used in such applications to eliminate steady-state error
in current reference tracking. The continuous-time transfer
function of the PR controller is given below as Gc(s). In
this expression, Kp represents the proportional gain, Ki the
resonant gain, and ωres the resonant frequency, which is set
equal to the grid fundamental frequency in this case.

Gc(s) = K p + K i
s

s2 + ω 2
res

. (16)

The transformation of Gc(s) from the continuous-time
domain to the discrete-time domain requires a more specific
approach. This is due to the high sensitivity of PR controllers
to discretization methods, given their narrow bandwidth and
infinite gain at the resonant frequency. Such sensitivity can
lead to significant performance degradation, even as a result
of small shifts in the resonant poles, potentially causing the
controller to behave as a purely proportional one.

To mitigate this performance loss, a commonly used
discretization technique is the bilinear transform with pre-
warping, as it accurately preserves the controller’s frequency
response [14]. Using this method, the transfer function of the
resonant controller can be expressed as

Gc(z) = K p + K i
sin(ω res Ts)

2ω res

z2 � 1
(z2 � 2z cos(ω res Ts) + 1)

.

(17)
These transfer functions can be combined to obtain the

open-loop expressions of the controllers shown in Fig. 2, for
the purpose of applying frequency response and root locus
techniques to the analysis of the systems. For the control
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system without active damping, depicted in Fig. II, the open-
loop transfer function can be expressed as

Gol (z) =
i 2(z)
e(z)

= G c(z)G td (z)VccGi2 (z), (18)

where e(z) represents the current error. In turn, for the
system with active damping shown in Fig. II, it is first
necessary to derive the closed-loop expression of the internal
feedback loop associated with the capacitor current, that is,

Gint (z) =
i c(z)

mo(z)
=

Gtd (z)VccGi c (z)
1 + K ad Gtd (z)VccGi c (z)

. (19)

The active damping action is implemented through ca-
pacitor current feedback with gain Kad , forming an internal
feedback loop whose purpose is to reshape the plant dynam-
ics and suppress the LCL resonance. By closing this internal
loop, an equivalent damped plant is obtained. Based on this
equivalent representation, the open-loop transfer function of
the external current control loop is derived by opening the
loop at the output of the current controller.

By combining (19) with (11), (8), and (17), the open-
loop transfer function of the system with active damping,
as shown in Fig. II, can be obtained. For simplification, the
resonant term in (17) can be omitted, since its influence is
only significant near the resonant frequency ωres , whereas
the frequency range of interest — associated with the LCL
filter resonance — is considerably higher than ωres . Thus,
Gc(z) is reduced to the proportional constant Kp, as dis-
cussed in [15], and the open-loop transfer function of the
system with active damping can be expressed as follows:

Gad
ol (z) = G c(z)

i c(z)
mo(z)

i 2(z)
i c(z)

, (20)

which is equivalent to

Gad
ol (z) =

K pVccGtd (z)G i c (z)Go(z)
1 + K ad VccGtd (z)G i c (z)

, (21)

and is used for open-loop frequency-domain stability anal-
ysis. Although the active damping gain Kad operates in
a feedback path, Eq. 21 represents an open-loop transfer
function with respect to the current controller, after closing
the active damping loop.

III. STABILITY ANALYSIS OF THE SYSTEM WITH AND
WITHOUT ACTIVE DAMPING
The Bode plots presented in Fig. 4 and Fig. 5 illustrate
the stability regions for the control systems without and
with active damping, respectively. These plots were produced
from the corresponding open-loop transfer functions, Gol (z)
and Gad

ol (z), using the parameters listed in Table 1. The
values Kad = 0.0015 and Kp = 0.0012 were used in the
plots, and their selection is justified in Subsections III-A
and III-B. The LCL filter components (L1, L2, and C) were
designed following methodologies proposed in the literature,
notably in [16] and [17]. Additionally, as recommended

in [16],the resonance frequency of the LCL filter was placed
within the range between ten times the grid frequency (600
Hz) and half the switching frequency (5 kHz). This practice
aims to mitigate the risk of instability and performance issues
caused by resonance with low-order harmonics from the grid
or high-order harmonics generated by the inverter switching
process.

TABLE 1. Inverter Parameters

Parameters Values

L 1 6.0 mH
L 2 1.8 mH
f s 10.0 kHz
f sw 5.0 kHz
f c 1.67 kHz
Vcc 400.0 V
P 4.0 kW

Resonance Frequencies

f r1 1.34 kHz, C = 9:50 �F
f r2 1.67 kHz, C = 6:08 �F
f r3 2.00 kHz, C = 4:22 �F
f r4 2.40 kHz, C = 2:93 �F

FIGURE 4. Bode plot of the current control system without active
damping, with K p = 0.0012.

From the frequency response of the undamped system
shown in Fig. 4, it can be observed that for resonance
frequencies below fc, the phase crosses the -180° axis
with a magnitude greater than 0 dB, indicating instability
according to the Nyquist criterion. Conversely, for resonance
frequencies above fc, this crossing does not occur, and the
system remains stable. When the active damping loop is
introduced into the system, as illustrated in Fig. II, the
previous scenario is reversed, such that the region below
f c becomes stable, as shown in Fig. 5. Furthermore, it is
evident that instability occurs in both scenarios when the
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FIGURE 5. Bode plot of the current control system with active damping.
In this plot, K p = 0.0012, and K ad = 0.0015.

resonance frequency fr2 coincides with fc. At this point,
both the damped and undamped systems are unstable.

The Bode plots presented in Fig. 4 and Fig. 5 demonstrate
that the critical frequency, fc, divides the regions of stability
and instability at the point where the phase of the open-
loop transfer function’s frequency response reaches -180°.
As shown in [3] and confirmed in this work, this occurs
when fc = f s/6. If the LCL filter’s resonance frequency
is above this critical frequency, a control system without
active damping may remain stable. However, if the filter’s
resonance frequency is below the critical frequency — which
is the condition of interest in this article — the system’s
stability can only be ensured through an active damping loop
with an appropriate gain.

A. ACTIVE DAMPING LOOP GAIN CONSTRAINTS

The limits for the active damping loop gain, Kad , can be
determined from the root locus of the closed-loop system,
which indicates the pole locations as a function of Kad . To
this end, the characteristic equation of the system, i.e., 1 +
Gad

ol (z) = 0, is used. This equation is developed below and
presented as expression (22).

1 + K ad VccGtd (z)G i c (z) + K pVccGtd (z)G i c (z)Go(z) = 0.
(22)

The authors in [6] rationalized that the proportional and
damping gains, Kp and Kad , are the main parameters
governing the stability and dynamic performance of the
control system. Through extensive numerical simulations,
they evaluated the control behavior for different gain ratios
and demonstrated that the condition Kad � K p is required to
ensure stability. The same fundamental reasoning is adopted
in this paper. However, instead of relying only on numerical
tuning, this work derives explicit analytical relationships
between Kad and Kp, which lead to a systematic design

procedure for selecting Kad rather than heuristic adjustment.
Accordingly, (22) is rewritten by defining Kp = nK ad ,
yielding

1 + K ad [VccGtd (z)G i c (z) + nV ccGtd (z)G i c (z)Go(z) = 0.
(23)

Moreover, this analytical formulation provides the basis
for the design of the proposed notch-based compensator,
which is explicitly introduced to counteract the phase degra-
dation caused by aforementioned delays. As a result, the
critical frequency of the current control loop is shifted to
higher values. While in [6] the critical frequency increases
from approximately 1.67 kHz to 2.38 kHz, the methodology
proposed in this work further extends it from 1.67 kHz to
about 2.8 kHz, thereby enlarging the stable operating region
of the system, as will be analytically and experimentally
demonstrated in this article.

Using (23), the root locus diagram shown in Fig. 6 was
obtained in order to determine the limits of Kad . The
parameters n = 0.8 and fr = 1.34 kHz were adopted to
ensure that Kad � K p and fr < f c, respectively. In this
figure, it can be observed that the resonant poles shift as Kad
increases. When the gain is between Kad(min) and Kad(max),
the poles remain within the unit circle. Therefore, to ensure
system stability, the gain Kad must remain within the range
defined by Kad(min) and Kad(max).

FIGURE 6. Root locus for the damped system considering K ad > K p and
f r < f c . The values of K ad range from K ad(min) = 0.0015 to
K ad(max) = 0.090.

By once again adopting (23), but now considering fr > f c,
the root locus diagram shown in Fig. 7 was obtained. This
diagram demonstrates that, even when Kad > K p, if the res-
onance frequency exceeds the critical frequency, the resonant
poles follow trajectories outside the unit circle regardless of
the value of Kad . This confirms the instability condition of
the actively damped system when the resonance frequencies
are equal to or greater than fc. The same instability condition
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is also evident in the Bode plot shown in Fig. 5. On the
other hand, as expected, the active damping effect is lost
when n > 1, that is, when Kad < K p. In this case, resonant
poles associated with frequencies above fc become stable,
as illustrated by the root locus diagram in Fig. 8. In other
words, resonant poles associated with frequencies below fc
always follow paths outside the unit circle and are therefore
unstable, while those associated with frequencies above fc
follow paths that pass through the interior of the unit circle.
This behavior indicates a stability condition for resonance
frequencies above fc (f r3 , f r4 ) and instability for those
below fc (f r1 ), in agreement with the Bode plots of the
undamped system shown in Fig. 4.

FIGURE 7. Root locus of the damped system with K ad > K p and
resonance frequencies higher than f c .

FIGURE 8. Root locus of the damped system with K ad < K p . The system
remains stable for frequencies greater than f c (f r3 , f r4 ), and unstable for
frequencies less than f c (f r1 ).

B. EFFECT OF K ad ON SYSTEM PHASE MARGIN

The upper and lower limits for the active damping gain
defined above, Kad(Max) and Kad(Min), ensure that the resonant
poles remain within the unit circle. However, one of the
contributions of this work is the verification that values of
K ad closer to Kad(Max) shift the resonant poles’ frequency
toward the critical frequency, fc, which compromises the
system’s stability margin. This effect is evident in the Bode
plot shown in Fig. 9, where increasing Kad not only shifts
the resonance peak toward fc but also reduces the phase
margin of the frequency response, thereby worsening the
stability condition. This type of analysis, which is not found
in the existing literature, demonstrates that the system can
become unstable even when the LCL filter’s resonance
frequency fr is lower than fc, due to the resonance peak
of the frequency response moving close to or beyond fc
as a result of increasing Kad . In this context, the value
of K ad that optimizes the system’s stability margins is
K ad = K ad(Min) = 0.0015. This value was determined from
the root locus diagram presented in Fig. 6, obtained using
Matlab and adopted in this work. As shown in Fig. 9, this
value yields the highest phase margin among the analyzed
cases.

FIGURE 9. Bode plot of the damped system with varying K ad . The LCL
filter employed exhibits a resonant frequency of f r = 1.34 kHz. A shift of
the resonance peak toward higher frequencies is observed, accompanied
by a reduction in the phase margin due to the increase in K ad .

IV. EXPANSION OF THE STABLE REGION OF THE
DAMPED SYSTEM THROUGH NOTCH-BASED DELAY
COMPENSATION
The analysis developed in the previous section demonstrates
that the stability condition for systems with a resonance
frequency below fc is ensured by an internal feedback loop
with a gain satisfying Kad � K p. In addition, the maximum
and minimum limits for this gain have been determined.

Regarding the origin of the critical frequency that sepa-
rates the stable and unstable regions of the control system,
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it has been discussed in the previous sections that this
frequency is directly related to the time delay introduced
by the implementation of digital control and DPWM. This
time delay manifests itself as a phase lag in the open-loop
frequency response, directly affecting the system’s stability
margin. To mitigate this effect and extend the stability limits,
it is necessary to shift the critical frequency to values higher
than fs/6, which can be achieved by compensating for the
aforementioned phase lag. In this context, the present work
proposes an innovative compensator based on a notch filter
specifically designed for this purpose. Both the filter and the
compensator were developed with the objective of expanding
the stable operating region of the system, making it less
sensitive to variations in the grid impedance or in LCL filter
parameters [7]. The compensator design details, including
the parameter definitions of the notch filter, will be presented
in this section.

Several studies in the literature employ notch filters as an
integral part of damping solutions, as exemplified in [11]
and [18]. In summary, these works propose techniques to
dynamically estimate the resonance frequency of the LCL
filter, since it may vary depending on the grid or filter
impedance. This estimated parameter is then used to tune
the notch filter’s rejection band to match the LCL filter’s
resonance peak, thereby providing damping. In addition to
these approaches, several other authors utilize notch filters
for the purpose of optimizing the current control loop
dynamics [19]–[22]. However, the use of a notch filter for
time-delay compensation, as proposed in the present work,
has not been previously explored.

The notch filter adopted in this work can be represented
as:

GF N (s) =
s2 + ω 2

n
s2 + 2ζω n s + ω 2

n
, (24)

where ωn is the notch frequency, or center rejection fre-
quency, and the parameter ζ is known as the damping factor.
The latter controls the damping of the filter, affecting both
the width of the rejection band and the phase variation
around the rejection frequency. In this way, different values
of ζ influence the smoothness of the phase deviation in the
filter’s frequency response, as can be observed in Fig. 10.

Fig. 10 shows the Bode plot of the discrete-time notch
filter, G F N (z), with the parameter ωn tuned to the Nyquist
frequency. This tuning is adopted to prevent the typical phase
jump at the Nyquist frequency from affecting the stable
region of the current control or amplifying high-frequency
noise [23]. The figure also shows the phase deviation of the
notch filter relative to the phase of the time delay, represented
by Gtd (z), as the values of ζ vary. It can be observed that
the parameter ζ = 2.5 provides the closest phase match
between the notch filter and the time delay, which is the
critical behavior of interest in this work, since, as previously
discussed, the system time delay manifests as a phase lag.
Regarding the magnitude response of the filter, it remains at

FIGURE 10. Comparison between the frequency responses of the time
delay, G td (z), and the notch filter, G F N (z), varying the parameter ζ.

0 dB over a wide frequency range, decaying only beyond
200 Hz. Therefore, given that the frequency of interest is
60 Hz, the magnitude variations occurring above 200 Hz
will not affect the results.

Since the main objective is to compensate for the time
delay as effectively as possible, it is essential that the
compensator introduces a phase lead closely matching the
phase lag caused by the delay. One way to achieve this
phase lead is by taking the inverse of the notch filter transfer
function, after selecting the value of ζ that provides the best
phase alignment between the notch filter and the time delay,
as previously shown in Fig. 10. The compensator can thus
be expressed as

Gcd(s) =
1

GF N (s)
=

s2 + 2ζω n s + ω 2
n

s2 + ω 2
n

. (25)

It is important to emphasize that the purpose of using
the inverse-notch configuration is not related to magnitude
shaping but to achieving a specific phase-lead characteristic
that counteracts the delay-induced phase lag. Unlike a con-
ventional phase-lead compensator, whose phase advance is
limited and depends on the pole-zero ratio, the inverse-notch
structure produces a broader and smoother phase profile that
effectively mirrors the delay phase response. When tuned at
the Nyquist frequency, the compensator avoids magnitude
amplification and phase discontinuities typically associated
with notch filters, resulting in a flat magnitude response and
a controlled phase behavior suitable for delay compensation.

The Bode plot of the discretized compensator, Gcd(z), is
shown in Fig. 11. In this figure, the phase lead characteristic
of the proposed compensator can be observed, along with
the the corresponding total phase lag introduced by Gtd (s)
and the designed notch filter GF N (z). The compensator
was discretized using the bilinear (Tustin) transform, chosen
because it preserves stability by mapping poles from the
left-half s-plane to inside the unit circle in the z-domain,
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while avoiding additional phase lag. This property makes
the bilinear transform particularly suitable for the proposed
compensator, whose performance depends on maintaining
the desired phase characteristics that counteract the delay-
induced lag.

FIGURE 11. Bode plots of the notch filter, G F N (z), in brown; of the time
delay, G td (s) = e −1:5T s s , in yellow; and of the proposed compensator,
G cd (z), in blue. It is observed that the phase lead of G cd (z) compensates
for the phase delay of G td (z).

The block diagram of the system incorporating the pro-
posed compensator is shown in Fig. 12. Fig. 13, in turn,
presents the root locus diagram for the compensated system,
considering the four resonance frequencies listed in Table 1.
This diagram illustrates the trajectories of the resonant poles
as a function of the variation of the active damping loop
gain. In comparison with the root locus diagram shown in
Fig. 7, which refers to the uncompensated system, it can be
observed that the poles associated with the frequencies fr2 ,
f r3 , and fr4 previously followed trajectories outside the unit
circle, indicating instability. With the proposed compensator,
however, these poles now follow trajectories that cross into
the interior of the unit circle. This demonstrates that, with
the compensator, poles that were previously unstable have
become stable, even for frequencies above fs/6, which is
the critical frequency for the uncompensated system.

FIGURE 12. Block diagram of the system with the proposed
compensator.

A key feature in the diagram shown in Fig. 13 is the
pole associated with the highest resonance frequency, fr4 ,
represented in purple. Initially, this pole follows a trajectory
inside the unit circle, but it becomes unstable when it crosses
the frequency corresponding to 0.282fs, or approximately
f s/3. Therefore, resonant poles with frequencies higher than
f s/3 become unstable, indicating that this is the new critical
frequency for the system with the proposed compensator.

FIGURE 13. Root locus of the system with the proposed time delay
compensator demonstrating the increase in the critical frequency, which
consequently expands the stable region of the system.

Based on this result, it can be concluded that the proposed
compensator has increased the critical frequency fc from
f s/6 to approximately fs/3, thus expanding the system’s
stability region as intended.

V. EXPERIMENTAL RESULTS
This section presents the experimental results obtained to
validate the theoretical analysis discussed earlier and to
demonstrate the effectiveness of the proposed notch-filter-
based compensator. The experimental setup, illustrated in
Fig. 14, consists of a Typhoon HIL-402, which emulates the
inverter and the grid as considered in the theoretical analysis,
a dSPACE MicroLabBox DS1202, which implements the
inverter control system, a Tektronix MSO46 mixed-signal
oscilloscope, and a laptop. The tests were carried out under
the conditions assumed in the theoretical analysis, using the
parameters listed in Table 1.

A. Experimental Veri�cation of Stability Regions

The initial experiments were conducted on the system with
active damping (considering the condition Kad > K p) but
without the proposed compensator. Two LCL filters with
different resonance frequencies were used: fr1 = 1.34 kHz
and fr2 = 1.67 kHz, as listed in Table 1. The first resonance
frequency, fr1 , is lower than the uncompensated critical
frequency fc, and is intended to demonstrate that the em-
ployed active damping effectively stabilizes the uncompen-
sated system for resonance frequencies below fc. In contrast,
when the resonance frequency is set to fr2 = f c the results
clearly indicate the loss of stability, confirming that the
uncompensated system becomes unstable once the critical
frequency is reached. This behavior is presented in Fig. 15,
which shows the experimental waveforms of the currents
injected to the grid, i2abc, as the resonance frequency is
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FIGURE 14. Experimental setup.

switched from fr1 to f r2 . The system remains stable at fr1
but becomes unstable at fr2 , thus experimentally validating
the critical frequency and the theoretical stability predictions
for the uncompensated system.

FIGURE 15. Experimental waveforms of the currents injected to the grid
when the resonance frequency changes from f r1 < f c to f r2 = f c .

Continuing the experiments, the next step evaluates the
uncompensated system behavior when the active damping
loop gain satisfies Kad < K p. Theoretically, this condition
eliminates active damping, making the system behave as un-
damped. Thus, the system is stable for resonance frequencies
above the critical frequency, fres > f c, and unstable below
it, f res < f c. Fig. 16 experimentally confirms this prediction
by showing the waveforms of currents injected to the grid
with the active damping gain set to Kad < K p. The system
remains stable at fr3 > f c, but becomes unstable when the
resonance frequency decreases to fr1 < f c. This clearly
delineates the stability regions of the undamped system, in
line with prior theoretical analysis.

FIGURE 16. Experimental waveforms of the currents injected to the grid
when the resonance frequency changes from f r3 > f c to f r1 < f c with
K ad < K p , demonstrating the loss of active damping due to K ad .

B. Experimental Veri�cation of K ad Constraints

As theoretically predicted in Section III and confirmed by
the previous experimental results, the condition Kad > K p
is essential for maintaining the effectiveness of the active
damping loop. In addition, the theoretical analysis establishes
that Kad must remain within specific bounds to guarantee
system stability, defining Kad(min) and Kad(max) as the
lower and upper limits, respectively. To experimentally vali-
date these limits, Fig. 17 illustrates the system response for
K ad = K ad(min) and fres = f r1 under a step change in the
current reference, where an overshoot of 16.1 % and a THD
of 1.47 % are observed.

FIGURE 17. Experimental grid current waveform for K ad = K ad(min)

and f res = f r1 , under a step change in current reference. Overshoot:
16.1 %, THD: 1.47 %.

On the other hand, Fig. 18 shows the same waveform, with
the only change being the active damping gain set to Kad =
0.045 — the midpoint between Kad(min) and Kad(max) . A
degradation in waveform quality is observed compared to
the previous case, now exhibiting a THD of 2.5 % and an
overshoot of 31.9 %.

Finally, adopting the theoretical value Kad = K ad(max) ,
the current waveform exhibits higher harmonic distortion and
overshoot values compared to the previous cases, as shown
in Fig. 19, which presents a THD of 3.75 % and an overshoot
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FIGURE 18. Experimental grid current waveform for
K ad = K ad(avg) = 0.045 and f res = f r1 , under a step change in current
reference. Overshoot: 31.9 %, THD: 2.5 %.

of 35.6 %. It is important to note that with the gain set to
K ad(max) , the system behavior becomes significantly more
oscillatory, approaching instability.

FIGURE 19. Experimental grid current waveform for K ad = K ad(max)

and f res = f r1 , under a step change in current reference. Overshoot:
35.6 %, THD: 3.75 %.

Figs. 17 to 19 show that increasing the gain Kad progres-
sively deteriorates the system’s dynamic performance, result-
ing in larger overshoot, higher harmonic distortion, and a
tendency toward instability. This behavior is consistent with
the theoretical prediction from Section III, which associates
higher Kad values with a reduction in the system’s phase
margin—an effect that, in practice, manifests precisely as
the degraded transient behavior observed in these figures.

C. Experimental Validation of the Proposed Compensator

To assess the effectiveness of the proposed controller, the
following results present the system behavior with its imple-
mentation, enabling a direct comparison with the previous
uncompensated case. Accordingly, Fig. 20 depicts the ex-
perimental grid current waveform under the same operating
conditions as in Fig. 17, but now with the proposed controller
enabled. A marked improvement in the system’s dynamic
performance is observed, with the overshoot reduced from

16.1 % to 10.5 % and the THD from 1.47 % to 1.09 %,
compared to the uncompensated case in Fig. 17.

FIGURE 20. Experimental grid current waveform for K ad = K ad(min)

and f res = f r1 under a step change in current reference, with the
proposed compensator. Overshoot: 10.5 %; THD: 1.01 %.

The improvement in the dynamic response observed in
the latter result is a direct consequence of the expanded
stability region provided by the proposed compensator. This
expansion can be verified in Figure 21, which shows that
the system remains stable even when the resonant frequency
shifts from fr1 to f r2 = f c. As shown in Figure 15,
under the same conditions, the system without the proposed
compensator became unstable for fr2 = f c.

FIGURE 21. Experimental grid current waveform with the proposed
compensator when the resonance frequency shifts from f r1 < f c to
f r2 = f c , demonstrating stable operation at both frequencies.

Figure 22, in turn, demonstrates that the system remains
stable even when the resonance frequency surpasses the
critical frequency. In this case, the resonance frequency
increases from fr1 to f r4 , which is approximately 45 %
higher than fc. Nevertheless, the system maintains stability,
indicating that the critical frequency of the compensated
system is higher than fr4 .

Finally, when the resonance frequency is increased to
f res = 2.8 kHz (f r4 + 0.4 kHz), the system becomes
unstable, as illustrated in Fig. 23. This result confirms that
the proposed compensator effectively extends the system’s
critical frequency. With the compensator in place, the new
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FIGURE 22. Experimental grid current waveform with the proposed
compensator when the resonance frequency shifts from f r1 < f c to
f r4 = f c , demonstrating stable operation at both frequencies.

critical frequency is established at 2:8 kHz, ensuring stable
operation for all resonance frequencies below this threshold.

FIGURE 23. Experimental grid current waveform with the proposed
compensator as the resonance frequency increases from f r4 to
f r4 + 0:4 kHz, illustrating the stability boundary.

VI. CONCLUSION
This paper presented a comprehensive strategy to enhance
the stability of LCL-�ltered grid-connected inverters. A
detailed analysis of the active damping gain (Kad ) revealed
its critical impact on the system's phase margin, estab-
lishing clear design guidelines for its selection to prevent
performance degradation—an aspect often overlooked in the
literature. The core of this work is a novel notch-�lter-
based compensator that directly counteracts system delays,
successfully shifting the critical frequency from fs=6 to
approximately fs=3 and thus expanding the stable operating
region without computational overhead. Theoretical analy-
ses and experimental validations on a hardware-in-the-loop
(HIL) con�rmed the proposed methodology's effectiveness,
demonstrating superior transient response, reduced harmonic
distortion and robust stability, making it a promising solution
for robust grid-connected inverter applications.
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