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Abstract – This work presents a state feedback
controller suitable to regulate the output voltage of
DC-DC buck converters operating under input voltage
disturbances and load variations. First, a state space
model of the plant is given and the performance
requirements are presented, in terms of bounds on
rejection of disturbances, bounds on settling time of
transient responses and robustness against load variations.
Then, a control design procedure based on a linear
quadratic regulator is proposed, having the following
features: a) an H• analysis condition to certify the
bound on the rejection of disturbances, b) an eigenvalue
evaluation, to ensure the bound on the settling times
of the slowest mode in the transient responses, and c)
a Lyapunov condition to ensure the robustness of the
closed-loop system under load variations. The proposed
design procedure produces control gains suitable for
experimental implementation. For sake of comparison,
a robust state feedback H• controller with pole location
constraints is given, and results in very large gains,
which are not suitable for experimental implementation.
Practical results with the proposed controller are shown,
illustrating the very good performance of the system
operating under input disturbance and load variations.

Keywords – Buck Converter, Linear Matrix Inequalities,
Linear Quadratic Regulator, Robust H• Control

I. INTRODUCTION

DC-DC converters have received increasing interest in
several areas, as for instance computer energy sources,
telecommunication equipment and sources of electrical
vehicles. Robust control techniques that use fixed control
gains to ensure stability and performance for DC-DC
converters operating, for example, with variable load and
also subject to disturbances are of great interest in industry
[1], [2]. In general, a good trade-off between robustness and
performance must be established, which demands knowledge
of the plant to be controlled and of the controller to be used.

Among modern control techniques, based on optimization
[3], the linear quadratic regulator (LQR) [4] deserves special
attention, since it can guarantee good stability margins,
establish suitable relationship between transient responses and
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control signal energy, and also has the control gains easily
computed by means of specialized computational packages.
Application of LQR to power converters can be seen, for
instance, using state observers, in [5]–[8]. A difficulty
in application of LQRs is the choice of the cost function
weighting matrices. To help this choice, genetic algorithms
can be used, as in [9], [10].

The robust control of buck converters was addressed, for
instance, in [11]–[13]. Linear matrix inequalities (LMIs) are
interesting to deal with the design of controllers robust to
parametric uncertainties and disturbances, as in [14], [15],
where polytopic models of the plant were used to describe
parametric uncertainties and LMIs were used to determine
the gains of robust LQR controllers. LMIs were also used
in [16]–[18] to provide robust controllers for boost converters.
The control of DC-DC converters was also addressed using
nonlinear techniques as, for instance, in [19]–[26].

These techniques were used with objective of dealing
with specific problems, as saturation of the control signal
[19], reduction of the start-up time [20] and rejection of
load disturbances [11], as well as to ensure global stability
for nonlinear converters. Despite providing good results,
nonlinear techniques can be difficult in terms of control design
or control implementation.

The contribution of this work is to provide a design
procedure for an LQR controller applied to a buck
converter, capable to ensure: (i) a predetermined rejection
of disturbances on the input voltage, (ii) a predetermined
settling time for the slowest mode in the transient responses
and (iii) robustness to variations of the load in a predetermined
interval. Property (i) is ensured by means of the solution of
the optimization problem based on the H• norm [27], [28],
property (ii) is ensured imposing a bound on the real part of
the eigenvalues of the closed-loop system and property (iii)
is certified by means of the existence of a Lyapunov function
computed using LMIs.

As an example of application of the control for a DC-
DC buck converter subject to input voltage disturbances and
to important load variations, one can cite a fully electrical
vehicle. During the fast acceleration and deceleration of the
vehicle, large current peaks can produce sudden variation
of the battery voltage level. In this way, it is important
to perform the conditioning of the energy supplied by the
battery bank before it is used to feed the embedded circuits
(as for instance, digital controllers, sensors, actuators, analog
conditioning circuits, communication and lighting systems).
These auxiliary circuits require supplying voltages with good
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regulation to avoid malfunction or undesired shutdown.
This work provides important advances with respect to

[29], as for instance the experimental validation of the results,
the certification of robustness to load variations and the
investigation of viability of an H• controller to deal directly
with the control synthesis problem. In the sequence, this
paper is organized as follows. In Section II, a model of the
plant and a model of the augmented system are presented,
including an integral action, as well as the requirements to be
fulfilled by the closed-loop system. In Section III, a procedure
for controller design is presented. Section IV includes a
case study, with focus on an electrical vehicle, also showing
the circuit used for analog control, information on the plant
prototype and control implementation, a detailed procedure
to compute the control gains and a study of viability of an
H• state feedback controller for this application. Section V
describes the experimental tests, with analysis of the quality
of the results, showing the practical viability of the control
technique described in the paper. Section VI presents the main
conclusions of this work.

II. MODELLING

Consider the circuit of a DC-DC buck converter [2], with
disturbance on the input voltage, given in Figure 1.

E
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D1 vC

Fig. 1. Buck converter topology.

This converter can be used, for instance, to regulate the
voltage that supplies auxiliary loads embedded in small size
electrical vehicles. The behaviour of the battery is modelled
by a fixed voltage source E, associated with a disturbance ẽ.
The losses on the inductor are modeled by RL and the load is
described by the resistance Ro.

Consider that the converter is on the continuous conduction
mode (CCM). A model can be obtained from the description of
each of two operation mode in the state space. The description
for the operation mode given by the switch (S) in conduction,
and the diode (D1) blocked, is defined by

ẋ = A1x+B1(E + ẽ) (1)

where the dinamic matrix A1, the input vector B1 and the state
vector x are given by
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The operation mode defined by the switch blocked and the
diode in conduction is given by:

ẋ = A2x+B2(E + ẽ) (2)

where A2 = A1 and B2 = 02⇥1.
The weighted model from each of the above operation

modes is described by
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where d̄ = (1−d).
Since A1 = A2 and B2 = 02⇥1, one has that
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Observing the output stage of the converter, given by
Figure 2, one can rewrite (4) as
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Fig. 2. Output stage of the converter.

Note that dE can be replaced by the control signal u and
dẽ can be replaced by the disturbance signal ũ, in the model
of the plant given by (4). In practice, the control signal u
will be pulsewidth modulated (PWM) and ũ will represent
an exogenous disturbance on the input of the system. It is
assumed also that the signal u has limited bandwidth, so that
it is suitably being representable in PWM. The high frequency
components of u in PWM will not be significant due to the low
pass filter (LC) on the output of the converter.

To ensure that the converter output voltage tracks a constant
reference, with zero steady state error, it is necessary to
include an integral action of the system error. The integral
of the error can be included in the system model by means of
an additional state variable x , as in [15], [30], leading to the
representation

q̇ = Gq +Hu+Hdũ+Hrr
y =Cq

(6)

where:

q =
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4
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⇥
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In this description, G is the dynamic matrix, H is the
control input vector, Hd is the disturbance input vector, Hr
is the reference input vector, C is the ouptut vector, q is
the augmented state vector and r is the reference for output
voltage.

The control law to be used is given by a state feedback,
defined as

u =−Kq =−
⇥

K1 K2 K3
⇤
2

4
iL
vC
x

3

5 (7)

with entries K1, K2 and K3, to be computed in order to fulfill,
simultaneously, the requirements:

(i) attenuation of disturbances on the input voltage, in the
worst case, given by g (positive real). This value of g

represents the peak of the magnitudes of the frequency
responses from ũ to y, as illustrated in Figure 3;

(ii) bound on the settling time for the transient responses
depending on a (positive real), as illustrated in Figure 4,
being −a the maximum real part of the closed-loop
eigenvalues (dominant pole), which leads to the slowest
mode in the transient responses with settling times
bounded by 5/a (criterium of 1% of error) [31];

(iii) robustness against load resistance variations, in the real
interval Ro 2 [Romin ,Romax ].

u(ω)~

ω

γ 

y (ω)

Fig. 3. Detail of the peak of the Bode magnitude plot [y(w)/ũ(w)].

For instance, observe that lower values of g lead to better
rejection of disturbances on the input voltage and that higher
values of a lead to faster accommodation of the transient
responses. Note that in general, the control designer has
to establish a good trade-off between a and g . Besides,
the stability of the closed-loop system subject to arbitrary
(slow or fast) variations of the load resistance, in the interval
[Romin ,Romax ], will be ensured by means of the existence of a
Lyapunov function.

tts =5/α 

y (t)

Fig. 4. Bound on the settling times for slowest mode in the transient
responses, given by 5/a .

III. DESIGN OF THE CONTROLLER

The design of the controller gains is based on the LQR,
which aims on the minimization of the cost function [31]:

•Z

0

(q 0Qq +u0Ru) dt (8)

where q is the augmented state vector, u is the control signal,
the matrix Q and the scalar R come from heuristic choices
of the control designer and, the superscritpt (0) represents the
vector or matrix transposed.

In general, Q is chosen as a positive diagonal matrix, where
the diagonal entries give the relative importance of each state
variable (iL, vC and x ), and where the scalar R allows to impose
limits for the control action (u). A higher value for an entry of
the diagonal Q, generally leads to a faster and less oscillatory
transient response for the state variable associated with this
entry of Q. Increasing the value of R, one has a reduction of
the control variable, allowing to avoid control saturation, for
example.

The Riccatti equation [31]:

G0S+SG−SHR−1H 0S+Q = 0 (9)

provides a solution for the matrix S, which leads to the gains
of the LQR controller, given by

K = R−1H 0S (10)

which can be easily computed by the lqr function from
MATLAB.

A procedure will be proposed here, to find the entries of
Q and R that provides the gain vector K suitable to fulfill the
requirements (i), (ii) and (iii).

To verify if the requirement (i) was fulfilled, it is possible
to use a test based on the H• norm of the closed-loop system,
which can be computed by means of the convex optimization
problem based on LMIs [28]:

µ

⇤ = min µ

s. t.
P = P0 > 0

(G−HK)0P+P(G−HK)+C0C PHd
H 0

dP −µI

�
< 0

(11)
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where G, H, Hd and C are the matrices from the model of
the augmented system given in (6), the gain K is previously
computed by (10), and the matrix P and the scalar µ are the
variables to be computed by the LMI solver.

In the case the H• norm, given by
p

µ

⇤, is less or equal to
g , the requirement (i) is fulfilled. It is important to mention
that, for a SISO system, the H• norm is equal to the peak of
the Bode magnitude plot from the input ũ to the output y, as
illustrated in Figure 3.

The requirement (ii) is fulfilled if

b = max{¬e(l (G−HK))} (12)

where b is the maximum real part of the eigenvalues of the
closed-loop system, and it is less or equal than −a .

To ensure if the requirement (iii) is fulfilled, one verifies the
existence of matrix P, solving the LMIs [28]:

P = P0 > 0 : (Gi −HK)0P+P(Gi −HK)< 0 , i = 1,2. (13)

Note that the LMIs in (13) must be solved simultaneously
for two vertices (G1 and G2), obtained from the evaluation
of matrix G for the minimum and maximum values of load
resistance Ro. The gain vector K = [K1 K2 K3] is previously
computed by (9) and (10), which is the Riccatti’s equation.

The existence of solution for (13) provides a quadratic
Lyapunov function

v(q) = q

0Pq (14)

ensuring the stability of the closed-loop system for any
variation of Ro inside the interval [Romin ,Romax ].

IV. CASE STUDY

A. Contextualization
The design technique proposed here can be used in several

contexts. One of them concerns electrical vehicle auxiliary
sources [32], used to feed low voltage loads, as for instance,
control systems (digital control, sensors and actuators) and
lightning [33]. Usually, modern electrical vehicles employ a
system with two sources: a main source, with higher voltage,
for electrical propulsion of the vehicle, and an auxiliary
source, with lower voltage, to feed low power loads [34].

The proposed controller can be used in a small size
electrical vehicle, as the electrical kartcross, sketched in
Figure 5. In this system, a buck converter is responsible
to reduce the voltage level of the batteries to feed, with
good regulation, loads at 5 V, as for instance, digital signal
controllers and analog circuits for signal conditioning.

It is interesting to observe that, usually, PI controllers are
employed to get regulation for the output voltage of buck
converters. However, in the usual methodologies for control
design, robustness to parametric variations is not ensured
theoretically for an entire domain of uncertainties with infinite
points, but is only tested for some particular cases.

B. Description of the Prototype
To verify the efficiency of a controller obtained from the

guidelines in Section III, consider the nominal parameters

Batteries Supercapacitors

DSP/Signal 
Conditioning

Buck
Converter

PMBLDC
Motor 

Fig. 5. Sketch of an electrical vehicle, detailing the buck converter
for supplying auxiliary loads, described as DSP/Signal Conditioning.

given in Table I. It is assumed that the input voltage can vary
in the interval from 20 V to 28.8 V, the load resistance can vary
in the interval from 1 W to 3.5 W, the switching frequency is
20 kHz and the output voltage must be regulated at 5 V.

TABLE I
Nominal parameters of the buck converter

Parameters Values
L 1.2 mH

RL 0.9 W
Co 47 µF
Ro 1.5 W

The practical implementation of the controller is carried out
with analog circuits, using operational amplifiers as shown in
Figure 6. The gains of the controller were implemented by the
choice of the resistors and capacitors, based on the expressions

8
>>>>>>>>>><

>>>>>>>>>>:

R2 =
R f 1R3

R1

R4 =
R f 2

K2

R5 =
R f 2

K1

R6 =
R f 2

K3C1R3
.

(15)

A photography of the built prototype in the laboratory is
shown in Figure 7. The inductor current (iL) is measured by a
current sensor ACS712-05B and the capacitor voltage (vC) is
measured by a voltage sensor LV-25P.

C. Example of Control Design
The determination of the controller gains is carried out by

means of a six step procedure described bellow:

Step 1: Compute the matrices of the system model by
using (6) and the nominal parameters given in
Table I;
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Rf1
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R3 R6

vc
iL

R4
R5

Rf2

Vtri

D+d~

C1

Fig. 6. Control circuit based on operational amplifiers.

Fig. 7. Photograph of the prototype, with the buck converter (left)
and control circuit (right).

Step 2: Inform a , g and the limits of load resistance Romin

and Romax (all positive real scalars);
Step 3: Choose the weighting matrices Q and R for the

LQR controller;
Step 4: Solve the LQR problem using, for instance, the

function lqr from MATLAB, which provides
as solution the vector as follows [K,S,e] =
lqr(G,H,Q,R);

Step 5: Solve (11), (12) and (13) to compute µ

⇤, b and P,
respectively;

Step 6: If
p

µ

⇤  g , if b −a and if there exists P solution
of (13), then K ensures that the requirements (i) to
(iii) are fulfilled and the control design is finished;
otherwise, return to Step 3.

For attenuation of disturbances, the requirement gdB =
−10 dB was used, which, converted into absolute value,
results in g = 1/

p
10 = 0.31622, as in Figure 3. For limitation

of settling time of the slowest mode in the transient responses,
it was chosen a = 50 as requirement, as in Figure 4. The
limits of load resistance were chosen as Romin = 1 W and
Romax = 3.5 W.

For the weighting matrix Q of the LQR, a diagonal positive
matrix was chosen, with fixed values for the two first diagonal
entries. The weight related with the third state variable,
representing the integral of the error, will have higher relative

importance here, and has its value to be searched in the
positive integers. The weight of the control action, R, was
defined as a value between 0 and 1, with a step of search of
0.001, since this range resulted, in simulation tests, control
gains that do not produce saturation of the control action,
and also are viable for practical implementation with circuits
based on operational amplifiers. Employing the procedure
proposed in this section, with these initializations, one gets
the weighting matrices:

Q =

2

4
10 0 0
0 10 0
0 0 38600

3

5 and R = 0.381 (16)

that produce the gains:

K0 =

2

4
6.440262137580129
0.525278444645627

−318.2959879703251

3

5 (17)

where the superscript (0) denotes the transpose.
For the implementation of the control circuit of Figure 6,

the following values for resistors and capacitor can be used:
R1 = R3 = R f 1 = R f 2 = 47 kW and C1 = 47 µF. The values of
the other resistors are obtained from (15).

These control gains ensure the fulfillment of requirement
(i), as can be verified by the frequency response of the closed-
loop system shown in Figure 8. The maximum value of the
Bode magnitude plot is lower than −10 dB, as expected. This
maximum can be also interpreted as the H• norm of the
closed-loop system, and is equal to −16.1236 dB (or 0.15624,
in absolute value) as indicated by the horizontal line in the
Bode magnitude plot of Figure 8.

−60

−50

−40

−30

−20

−10

M
ag

ni
tu

de
 (d

B)

100 101 102 103 104 105
−180

−90

0

90

Ph
as

e 
(d

eg
)

Bode Diagram

Frequency  (rad/s)

Fig. 8. Bode plots of y/ũ for the closed-loop system with nominal
parameters (maximum value of the magnitude curve = −16.1236 dB).

It is important to observe that the fulfillment of the
predetermined attenuation for the disturbance ũ ensures also
the attenuation of the disturbance ẽ. Observe that the duty
cycle d can be decomposed in d = d̃+D, being D the value of
the nominal duty cycle and d̃, in general, is given by a small
disturbance on the nominal duty cycle. This allows to write
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ũ = d̃ẽ + Dẽ. In the case of small disturbances, d̃ẽ can be
neglected and it is plausible the approximation ũ = Dẽ. Thus,

y
ũ
=

y
Dẽ

! y
ẽ
= D

y
ũ
. (18)

As the duty cycle 0 < D < 1, the peak of the Bode
magnitude plot from ẽ to y is always smaller than the peak
of the Bode magnitude plot from ũ to y, since

y
ẽ
(dB) = 20log10 D+

y
ũ
(dB). (19)

The fulfillment of requirement (ii) can be verified by means
of the closed-loop eigenvalues, given by

l =

2

664

−1.012562431866448+ j 0.320417858207570

−1.012562431866448− j 0.320417858207570

−0.005003364044169

3

775⇥104

(20)
so that one can conclude that max{¬e(l )}<−50 is verified.

The fulfillment of requirement (iii) is verified by the
existence of the Lyapunov matrix, solution of (13), as shown
below

P =
⇥

P1 P2 P3
⇤

(21)

where P1, P2 and P3 are vectors given by:

P1 =

2

4
0.0013686092642
0.0001750309578

−0.0043928720088

3

5

P2 =

2

4
0.0001750309578
0.0004207778385

−0.0156445001309

3

5

P3 =

2

4
−0.00439287200880
−0.01564450013090
234.6163318774911

3

5 .

The matrix P given in (21) ensures that the closed-loop
system, with the gains computed by means of the proposed
procedure, is quadratically stable as shown in [28]. In Figure 9
it is shown the locus of the eigenvalues for the compensated
system considering Ro varying from 1 W to 100 kW. The
analysis of this figure shows that the closed-loop system
remains stable even if for a great range of uncertainty of the
load resistance.

D. H• Controller
Finally, it is very important to observe that the design of

a controller robust to uncertainties for the load in the interval
Ro 2 [Romin ,Romax ], with maximum real part of the closed-loop
eigenvalues given by a , and with an H• guaranteed cost given
by g could be obtained directly from the condition of synthesis
of a state feedback H• controller based on quadratic stability
[28].

The problem is defined as solving the following inequality
by means of a LMI solver to determine a symmetric positive
definite matrix W =W 0 > 0 and a matrix Z, such that,
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ag

Fig. 9. Locus of the eigenvalues for the compensated system
considering a large variation of the load (1 W  Ro  100 kW).

2

4
(Gi+aI)W +W(Gi+aI)0−HZ−Z0H 0 WC0 H 0

d
CW −1 0
H 0

d 0 g

2I

3

5< 0

(22)
for i = 1,2.

If the above problem is feasible, the controller gains are
obtained by means of the expression

K = ZW−1. (23)

Solving the above condition for g = 0.31622 (−10 dB), a =
50, and Ro 2 [1,3.5] W, the LMIs lead to the control gains

K0 =

2

4
0.000001559471142
0.046947661053007

−7.983234084035900

3

5⇥107. (24)

It is possible to conclude that the design of this state
feedback H• controller is less complex than the design of
the state feedback controller proposed here, which is based
on heuristic choices of Q and R. However, the gains of the
H• controller, given in (24), are much higher than the gains
in (17), obtained from the design procedure proposed here, so
that (24) is not viable for practical implementation. Thus, a
clear advantage in favor of the proposed controller (based on
LQR) is its use in practical applications.

V. EXPERIMENTAL RESULTS

To verify the practical viability of the proposed controller,
experimental results are presented in this section, illustrating
the robustness to disturbances on the input voltage and
stability to load variations.

Figure 10 presents the results for a negative and, in the
sequence, a positive disturbance on the input voltage. The
system initiates its operation with an input voltage of 28.8 V.
Then, a step on the input voltage is applied, varying its value
to 20 V. After that, a positive step is applied, driving the
input voltage to its initial value. For application of these
disturbances on the input voltage, in practice, an adjustable
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DC source was used.
Figure 11 presents the results to variations on the load

resistance. Initially, the converter operates with a resistive
load demanding 1.5 A at 5 V, when a sudden variation of the
resistive load is applied, demanding 3.0 A at 5 V. After that,
the resistive load returns to its initial value. One can observe a
good regulation of the output voltage, with settling time lower
than 5/50 s.

It is worth mentioning that the result shown in Figure 11
was obtained considering a switched load which is, in this
application, a simple example of a nonlinear load. It was not
the objective of this work the investigation of the performance
of the controller when the converter feeds other types of
nonlinear loads. However, a good strategy to provide the
attenuation of harmonics generated by nonlinear loads could
be used, for example, following the ideas presented in [15].

Fig. 10. Results for disturbances on the input voltage. Output
voltage (top), inductor current (middle), and input voltage (bottom)
waveforms.

Fig. 11. Results for variations on the load resistance. Output
voltage (top), inductor current (middle), and input voltage (bottom)
waveforms.

The experimental result indicates a good performance,
showing rapid recover at the transients and also zero steady
state error. It is also possible to observe that controller assures
the closed-loop stability even under sudden load variations.

VI. CONCLUSION

This paper presented a procedure to design the gains
of a state feedback controller that ensures the rejection of
disturbances on the input voltage, a predetermined bound for

the settling time of the slowest mode in the transient responses
and robustness of the closed-loop system to variations on the
load resistance. The gains of the controller are obtained from
a LQR, and are certified using the H• norm, the analysis of
the closed-loop eigenvalues and the existence of a Lyapunov
function for the quadratic stability of the system. A case
study is detailed, emphasizing a practical application for the
proposed controller in the context of an electrical vehicle. The
design of the controller gains is described in a step by step
procedure. Additionally, information on the prototype and
on the practical implementation of the circuit of control are
presented. Finally, experimental results illustrate the viability
of the proposed design procedure, with responses of good
quality in terms of rejection of disturbances, fast transient and
robustness to load variations.

Nevertheless, comparing to classic control techniques, the
great advantage of the proposed method is not necessarily
a better performance but a control design procedure whose
the solution is computationally fastest and which ensures the
properties highlighted in the paper: (i) a bound on the rejection
of disturbances, certified by an H• analysis; (ii) a bound
on the settling times of the transient responses, ensured by
an eigenvalue evaluation; (iii) the robustness of the closed-
loop system under load variations, ensured by a Lyapunov
condition.
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