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Abstract — The recently introduced series loss-free
resistor (SLFR) is used to obtain the non-linear differential
equations that describe the dynamic response of a DC-DC
converter with virtual resistor and input LC filter,
employed in the voltage droop control of DC microgrids.
The equilibrium point and the stability criteria of the
converter are presented. The results of the theoretical
analysis are validated via computer simulation of large-
amplitude transients for step change of the input voltage,
the output current and the voltage reference signal. It is
shown that the energy absorbed by the virtual resistor is
not converted into heat but returned to the input stage by a
power source. Thus, the paradox of the virtual resistor,
which causes a voltage drop but does not consume power,
is resolved. This is a theoretical study.

Keywords — Dc Microgrids, Droop Control, Loss-free
Resistor (LFR), Series Loss-free Resistor (SLFR), Virtual
Resistor.

I. INTRODUCTION

Droop control is a technique recognized for its importance
in the decentralized control of direct current microgrids. It
allows the coordination of the different components of the
microgrid with high reliability since the regulation of the
voltage of the distribution bus in direct current is not
dependent on a single converter [1]-[3].

With the appropriate combination of parameters, droop
control allows the power to be shared between different
energy sources, proportional to their individual power
capabilities, thus reducing the risk of failures [4].

Droop control also allows the various converters that make
up the microgrid to operate in cooperation to regulate the
voltage of the common direct current (DC) bus [5]-[7].

Another important assignment of droop control is the
implementation of an active damping technique to overcome
the negative instability resistance problem caused by the
constant power loads (CPLs) [8]-[11].

The basic voltage droop control technique is implemented
by means of voltage and current control algorithms, so that
the output voltage of a converter linearly decreases with an
increase in its load current. In this way, a virtual resistor of
the appropriate value is emulated in each converter, which in
the equivalent circuit is represented associated in series with
the voltage source generated by the converter.
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The concept of virtual resistor was introduced to provide
damping of transient oscillations in the output of the LC
filter of PWM inverters [12]. It was proposed by P. A.
Dahono as a method to damp oscillations in the input LC
filter of current-type AC-DC PWM converters [13] and to
damp the oscillations of a DC-DC buck converter with an
output LCL filter [14].

From an electric circuit perspective, the virtual resistor is a
paradox, as it behaves like a conventional dissipative resistor
when its effects are measured from the output terminals of
the converter, causing voltage drop, and damping of the
current and voltage oscillations, but without consuming
power from the input power supply. This is a counterintuitive
phenomenon. We can then deduce that the energy absorbed
by the resistor, rather than being converted into heat by the
Joule effect, is returned to the input stage of the circuit.

The concept of the loss-free resistor (LFR) was introduced
by S. Singer [15], [16] and modeled by S. Singer and R. W.
Erickson [17] using equivalent two-port networks for the
buck, boost and buck-boost converters operating in
discontinuous conduction mode (DCM), as shown in Figure
1.

The dipoles are formed by the effective resistor R, and the
power source P. The electrical power absorbed by the
resistor is returned to the circuit by the power source.
Therefore, the loss-free resistor affects the input and output
characteristics of equivalent circuits, but without internal loss
of energy.

v
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Fig. 1. The buck (a), boost (b) and buck-boost (c) dc-dc converters
operating in discontinuous conduction mode and the respective
averaged equivalent circuits using the power conservative loss-free
resistor.

In the equivalent circuit of the buck converter shown in
Figure 1.a, the resistor R, is associated in series with the
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input voltage source and the power source P is connected in
parallel to the load. In the boost converter equivalent circuit,
shown in Figure 1.b, the resistor R, is connected in parallel to
the input voltage and the power source P is associated in
series with the output stage. In both cases the input and
output ports are not decoupled. In the equivalent circuit of
the buck-boost converter shown in Figure 1.c, the resistor R,
and the power source P are connected in parallel to the input
source and the load respectively. Therefore, the input and
output ports are decoupled from each other [17].

The resistor R, is not associated in series with the load or
the input power supply V; in any of the equivalent circuits
shown in Figure 1. It can also be noted that in the three cases
shown, the power source P is not connected in parallel to the
source V;. Therefore, in these cases the power consumed by
resistor R, is not returned to the input source V.

The recently introduced series loss-free resistor (SLFR)
[18] consists of a loss-free resistor connected in series with
the input voltage source and the load. The power source P is
connected in parallel to the input voltage source V; and
transfers to it all the power absorbed by the loss-free resistor
R.. The corresponding averaged equivalent circuit is shown
in Figure 2.

1,

R,
v, }i/ V.

Fig. 2. Averaged equivalent circuit representation of the series loss-
free resistor (SLFR).
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A natural realization of the SLFR with no closed-loop
control is possible with the use of the topological variation of
the buck-boost converter with positive output voltage
operating in DCM, as shown in Figure 3 [18].

L
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Fig. 3. Realization of the SLFR using a topological variation of the
positive output voltage buck-boost converter operating in DCM.

In this article it is demonstrated that the virtual resistor
used to perform the droop control in direct current
microgrids is a series loss-free resistor (SLFR). Using this
concept, nonlinear differential equations are obtained that
correctly describe the behavior of the converter both in
steady state and with large-amplitude transients. In addition,
the determination of equilibrium points and stability criteria
when an input filter is used is described.

II. MODELLING THE BUCK CONVERTER WITH
VIRTUAL RESISTOR AND INPUT FILTER

A schematic diagram of the buck converter with a virtual
resistor and input filter is shown in Figure 4.
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Fig. 4. Buck converter with virtual resistor R, and input LC filter.

To simplify the analysis, let us assume that the output
stage formed by R., L, and C, are overdamped, which implies
that:

R 1

14

>

(1

Furthermore, it will also be considered that the control of
the output voltage is very fast in relation to the cutoff
frequency of the input filter, formed by R;, L; and C;. This
hypothesis allows a reduction in the system order and the
simplification of the model.

We can then write, for quasi-instantaneous average values,

Voo = V;Wef _Rv iLo (2)

where R, is the realized virtual resistance of the buck

converter, iz, 1S the current in the inductor L,, v, is the

voltage before the inductor, and V. is the reference voltage.
Let the power p, be defined by:

Py =Vy iLo . (3)
Substituting (2) in (3) we find:

. 2
Pu = 'Voref!Lo _Rv lro - (4)

The power py is given by:

P =vih (5)

As power semiconductors are considered ideal, p; = pq.

Thus, equating (4) and (5) and rearranging the terms of the
equation, we obtain:

V. i
l.l _ oref“Lo _& (6)

Y| Vi

where p, is the power consumed by the virtual resistor given
by:

Py =R}, @

Equations (2), (6) and (7) represent the equivalent circuit
shown in Figure 5.
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Fig. 5. Averaged equivalent circuit of the buck converter with
virtual resistor R, and input LC filter, in terms of the series loss-free
resistor (SLFR).

The currents i, and i, are given by (8) and (9),
respectively.

V. ol
l.a _ oref*Lo (8)
Vi
i =2 9)
Vi

As the equivalent circuit shows, the electrical energy
absorbed by the virtual resistor R, is not converted into heat
but recycled to the input stage by the power source P,.
Therefore, as shown in [18], the virtual resistor is a series
loss-free resistor (SLFR).

A. Mathematical Model

The equivalent circuit shown in Figure 4 is described by
the system of nonlinear differential equations.

dv, 1
o =—0-(i, —1 10
dt CD (ZLU ()) ( )
di,, 1 .
TLI(:L_(VOref_vaLo_vo) (11)

dv] 1 ( . R, 'zn ere"' iLo \

=—| i +— - (12)
dt G l\ H v v /‘

di 1 .

%zz( in_R]lLl_vl)' (13)

The  equilibrium
dv, dij, dv, di
di dt dt dt
(13), which results in the system of algebraic equations.

point is found by making

=0 in equations (10), (11), (12) and

i
Ozc—o(zLu —1(,) (14)
OZL(VOFL’/”_RVZ'Z()_V:) (15)
L\
1 * R 7,z V()re i*u
0=—| i+ —te L0 (16)
G Vi Vi
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o:i(Vm—Rl i) a7)

Solving the system of algebraic equations, we find two
equilibrium points. However, herein we will only discuss the
equilibrium point that is of practical interest, given by:

i, =1, (18)
V: = 'Voref _Rv iZ() (19)

* V:’n (V:n ’ 2
v = 5 +\/k 5 ] +R R, RV, (20)

2
* V. V.
iLI :L(i_ (ﬂ\l +P‘1Rv‘3 _RlVorefIaW (21)
L2 ) ’ )

where i",, i"17, v'7 and V', are the values of the currents in
the inductors and the voltages in the capacitors at the
equilibrium point.

The equivalent circuit for the converter operating at the
equilibrium is shown in Figure 6, where i*,, p*, and i", are
given by (22), (23) and (24), respectively.

* Voref]o
i, = o (22)
Vi
* 2
p, =R, (23)
=2 (24)
Y

Fig. 6. Averaged equivaleﬁt circuit at the equilibrium point
described by equations (18), (19), (20) and (21).

III. LARGE SIGNAL TRANSIENTS

To validate the mathematical model obtained using the
SLFR concept, this section presents simulation results for the
circuits shown in Figures 4 and 5, with parameters V,..r = 50
V,L;=1mH, R, =025Q,C;=1mF, R, =4 Q, L, =250
uH,

C, = 100 pF and f; = 20 kHz. Voltage and current sensors
with unity gains are used.

To control the voltage of the converter, a PI controller
described by the transfer function is used, as follows.
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Gv(s):0.01+¥. (25)

A. Large Signal Transient for a Step Change of the Input
Voltage.

In this section, the transient response of the converter to a
large-amplitude variation in the input voltage V5, (in the form
of a step) is analyzed, with the reference voltage kept
constant. The load is represented by the current source 7, = 5
A. The input voltage before the step change is Vi, = 100 V.
At the instant £ = 30 ms the value of the input voltage is
increased to V;, = 120 V.

The equilibrium point for V3, = 100 V is given by i"1, =54,
i"11 = 1.5064,v"; = 99.624V and v, = 30V. At this operating
point y = 0.25 and § = -1.509. As y > -f, the system is stable
at this equilibrium point. The parameters y and B are defined
in Section IV of this manuscript.

The equilibrium point for V;, = 120 V is given by i"1, =54,
i1 = 1.2534, v'; = 119.687V and V', = 30V. At this
operating point y = 0.25 and B = -1.255. Therefore y > -B and
the system is also stable at this equilibrium point.

The converter shown in Figure 4 and its large amplitude
equivalent circuit represented in Figure 5 were simulated
using PSIM software and the relevant waveforms are shown
in Figure 7.

It can be observed that there are no differences between
the waveforms for the two circuits, which validates the
proposed model for transients caused by a large-amplitude
disturbance in the step form of the input voltage V.

120
)
a{ 110
= 100 prmd
(a)
W e W
P
> 2
S’
:):
0
. : (b)
— e — 11

i (A)

—V, — Vi
140
s,
2 120 F = -y
b J NS i
> 100
(d)
I —1a
~~ 20 A |
< LY N
~ 0 —F
g LW
0.03 0.04 0.0 0.06 0.07
Time (s)
(O]

Fig. 7. Computer generated waveforms. (a) Input voltage V. (b)
Output voltage for the switched converter (v,) and the averaged
equivalent circuit (vos). (¢) Current through the inductor L, for the
switched converter (ir,) and the equivalent circuit (izoq). (d) Voltage
across an input filter capacitor for the switched converter (v;) and
the averaged equivalent circuit (viq). (e) Current through the input
inductor for the switched converter (ir;) and the equivalent circuit

(ir14).
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B. Large Signal Transient for a Step Change of the Load
Current

In this section simulation results are presented for the
switched converter and its equivalent circuit, shown in
Figures. 4 and 5 respectively. The input voltage Vi, is
constant and the load current source /,, initially equal to 34,
is increased to 84 at the instant # = 50 ms.

The equilibrium point for 7, = 34 is given by i"7, =34, i,
= ].1434,v"; = 99.71V and v", = 38V. For I, = 84, the states
at the equilibrium point are "7, =84, i'1; = 1.4454, v'; =
99.64V and v*, = 18V. At both equilibrium points the system
is stable.
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Fig. 8. Computer generated waveforms. (a) Load current /,. (b)
Output voltage for the switched converter (v,) and the averaged
equivalent circuit (vos). (c) Current through the inductor for the
switched converter (izo) and the equivalent circuit (izoa). (d) Voltage
across an input filter capacitor for the switched converter (v;) and
the averaged equivalent circuit (viq). (¢) Current through the input
inductor for the switched converter (iz;) and the equivalent circuit

(iLIa).

The relevant waveforms for this large-amplitude
disturbance in the load current are shown in Figure 8. In this
case, the proposed model, based on SLFR, once again
correctly describes the converter behavior.

Figure 9 shows simulation results when p, = 0. This means
that the energy consumed by the virtual resistor R, is not
returned to the input source but converted into heat. Note that
this condition does not modify the behavior of v, and iz.

However, there is a significant difference in the behavior of
v; and iz;, which shows that the proposed model is correct
and that it also describes the behavior of the converter for
large-amplitude transients for this type of disturbance.
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Fig. 9. Computer generated waveforms, without the power source
Py. (a) Load current I,. (b) Output voltage for the switched
converter (v,) and the averaged equivalent circuit (voq). (¢) Current
through the inductor L, for the switched converter (ir,) and the
equivalent circuit (izoq). (d) Voltage across an input filter capacitor
for the switched converter (v;) and the averaged equivalent circuit
(via). (e) Current through the input inductor for the switched
converter (iz;) and the equivalent circuit (izsa).

C. Large Signal Transient for a Step Change of the
Reference Voltage

Both circuits were simulated, and the waveforms
generated by computer simulation are shown in Figure 10.
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Fig. 10. Computer generated waveforms. (a) Reference voltage

Vores. (b) Output voltage for the switched converter (v,) and the
averaged equivalent circuit (voq). (¢) Current through the inductor L,
for the switched converter (iL,) and the equivalent circuit (iLos). (d)
Voltage across the input filter capacitor for the switched converter
(v1) and the averaged equivalent circuit (viq). (¢) Current through
the input inductor L, for the switched converter (iz;) and the
averaged equivalent circuit (izsa).
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The simulation was done with the same parameters
presented in the situations previously described, but with V7,
=100 V and I, = 5 A. At instant t = 60 ms, when the circuit
is at an equilibrium point, a step change in the magnitude of
the reference voltage takes place, from Voer= 50 V to Vorer =
60 V. It can be noted that the waveforms generated by
computer simulation for the two circuits are identical.

Figure 11 shows the same waveforms as Figure 10,
making P, = 0. Hence, the energy consumed by resistor R, is
converted into heat and does not return to the input voltage
source. Thus, this condition leads to erroneous results.

Vaed A)

v,(V)

by — g (b)

i, (A)

vi(V)

i.(A)

——
07

0.06 0. 0.08 0.09 0.1

Time (s)
(©
Fig. 11. Computer generated waveforms for a step change of the reference
voltage with P, = 0.

IV. STABILITY ANALYSIS

The equilibrium point, given by (18), (19), (20) and (21)
was determined by performing the static analysis of the
converter. Dynamic analysis is necessary to determine the
combination of parameters that ensure equilibrium point
stability. The local stability at an equilibrium point is studied
by evaluating the Jacobian matrix, given by:

OF, ©oF, ©F, OF,
ov, dv, odv, Oy,
OF  OF, &F, oF,
diLo alL() aiLo aiLo
/= F F F (26)
oh Y g3 Y
ov, 0Ov, oOv, Oy
OF, OF, OF, OF,
UiLl 8iu ‘;}iL] aiLl
d di d di
where Fj =20 gy =%l g TN g g, = S0
dt dt dt dt

Carrying out the indicated partial derivations and
substituting in (26), for the equilibrium point we obtain:
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0 —L 0 0
L()
1
Lok ey
J_ C, L, G 27
= K 1 (27)
0 0 - ——
G G
R
o o L &
G L
where:
V. .—-2R 1
o= vy (28)
E-ﬁ- Q +R1RV]U_R1V07€’]0
2 2 ’
and
Rv102 _V:)ref ]o
B= . (29)

2
— RV IW

S aref‘oJ

/ N2
{Q+ (Vi) Lrr1
2) 1 LA

.

The eigenvalues of the Jacobian matrix for the converter at
the equilibrium point are:

2 2
S RAN J(g B (2]
: 2L, 2C1) 2L, ) 2L, G \2C1

N

s

(€1))

As R, >0 and L, > 0, the real part of the eigenvalues A3 4 is
always negative, that is, Re(A34) <O0.
The real part of the eigenvalues A, 2 is given by:

(32)

For the system to be asymptotically stable, it must be true
that Re( 2) <0, which implies that:

R
_1+£ >0
20, 2G,

We can then conclude that this condition occurs when:
y>-p

(33)

(34

where:
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y=—- (35)

A.  Case Study

Let us consider a converter with the parameters Vs = 50
V,L;=20mH, R;=025Q,C;=1mF,R,=4Q,L,=150
uH, and C, = 100 pF. Substituting these values in (35) we
find y = 0.013. In Figure 12 y and -f(1,) are plotted. The
curves indicate that for the given parameters, the system is
unstable for 3.454<7, <9.024 , the region where y < -5.

N —p
0.020 I I 0.020
I |
0.015 | l 0.015
X I = | X
P
(0.013)
W
Qﬁ 0.010 A SE .02 /' 0010 2
/| |
/ | | \
0.005 | | 0.005
I [ \
I |
0 0
o 1 2 3 4 5 6 7 8 9 10 11 12

I(A)
Fig. 12. Graph of y and -f(1o).

Simulation results are shown in Figure 13, for the
converter and its equivalent circuit in terms of SLFR.
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Fig. 13. Unstable behavior in response to a step change of the
current /, from /4 to 64.

When ¢ < 1 s, the load current is I, = 14 and f = -0.00465.
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Since y > -f, the system is stable. At the instant # = 1 s the
value of the current is increased to I, = 6A4, which
substituted in (29) yields f = -0.0157. As y < -f3, the system
becomes unstable.

The effect of instability is observed in the behavior of the
voltage v; and current i;; that theoretically increase
indefinitely. We can see that the results obtained for the
original switching converter and its equivalent circuit in
terms of SLFR are identical.

V. CONCLUSION

In this paper it is demonstrated that the virtual resistor
used in the droop control of DC microgrids is a series loss-
free resistor (SLFR).

The behavior of the converter with an input LRC filter is
described by a system of nonlinear differential equations that
has no analytical solution. Through the analysis, a criterion is
presented for the verification of local stability in the vicinity
of the equilibrium point.

The analysis reveals, as confirmed by computer
simulation, that the converter can become unstable and that
this is not only dependent of the parameters of the circuit but
also on the nature of the load.

The analysis results are validated by computer simulation
for large-amplitude transients in response to a step change in
the input voltage, the output current and the reference signal
of the load voltage control.

The proposed modeling method using the SLFR can also
be applied to other isolated or non-isolated DC-DC
converters, used to perform droop control in direct current
microgrids.

The mathematical model obtained and the corresponding
averaged equivalent circuit in terms of the SLFR, are
appropriate tools for analyzing and sizing a converter that
performs virtual resistance in various applications,
particularly in DC microgrids and renewable energy power
systems.

It therefore appears that the proposed method for
describing the behavior of the DC-DC converters with virtual
resistor resolves the virtual resistor paradox.
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